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Abstract
Let X be a real reﬂexive Banach space and A : X-2X
n
be maximal monotone. Let
B : X-2X
n
be quasibounded, ﬁnitely continuous and generalized pseudomonotone with
X 0CDðBÞ; where X 0 is a dense subspace of X such that X 0-DðAÞa|: Let SCXn: Conditions
are given under which SCRðA þ BÞ and int SCint RðA þ BÞ: Results of Browder concerning
everywhere deﬁned continuous and bounded operators B are improved. Extensions of this
theory are also given using the degree theory of the last two authors concerning densely
deﬁned perturbations of nonlinear maximal monotone operators which satisfy a generalized
ðSþÞ-condition. Applications of this extended theory are given involving nonlinear parabolic
problems on cylindrical domains.
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0. Introduction and preliminaries
In what follows, X is a real reﬂexive Banach space with dual space Xn: We assume
that the space X has been renormed so that it and Xn are locally uniformly convex.
We denote the norms of X and Xn by jj  jj: For xAX and xnAX n; we use the symbol
ðxn; xÞ or the symbol ðx; xnÞ to denote the value of xn at x: Let Y be another real
Banach space. For a multi-valued mapping T : X-2Y ; we set DðTÞ ¼
fxAX ; Txa|g and RðTÞ ¼ SfTx; xADðTÞg: Unless otherwise stated, or implied,
the term ‘‘continuous’’ means strongly continuous. An operator T : X*DðTÞ-Y is
‘‘semicontinuous’’ if it is continuous from the strong topology of X to the weak
topology of Y : T : A-2B; with A;B topological spaces, is ‘‘upper semicontinuous’’
at x0ADðTÞ if for each neighborhood V of Tx0 in B there exists a neighborhood U
of x0 in A such that TUCV : T : X-2Y is ‘‘ﬁnitely-continuous’’ if T is
upper semicontinuous from each ﬁnite-dimensional subspace F of X to the weak
topology of Y : This means that T is upper semicontinuous at each point of
DðTÞ-F ; w.r.t. the topology of F ; with Y associated with its weak topology. An
operator T :X-2X
n
is said to be ‘‘bounded’’ if it maps bounded sets onto bounded
sets. It is said to be ‘‘quasibounded’’ if for each M > 0 there exists KðMÞ > 0 such
that for xAX and yATx with jjxjjpM and ðy; xÞpMjjxjj we have jjyjjpKðMÞ:
A mapping T : X-2X
n
is said to be ‘‘monotone’’ if for every x; yADðTÞ; uATx
and vATy we have
ðu 
 v; x 
 yÞX0:
A monotone mapping T : X-2X
n
is said to be ‘‘maximal monotone’’ if
ðu 
 u0; x 
 x0ÞX0
for some ðx0; u0ÞAX  Xn and every xADðTÞ; uATx; implies u0ATx0: Since X is
reﬂexive, this is equivalent to saying that RðT þ lJÞ ¼ Xn for every l > 0 (cf. [24]).
The symbol J here stands for the normalized duality mapping of X :
A mapping T : X-2X
n
is said to be ‘‘pseudomonotone’’ if
(a) Tx is closed, convex and bounded for all xADðTÞ;
(b) T is ﬁnitely continuous;
(c) for every pair of sequences fxng; fyng such that ynATxn; xn,x0 and
lim sup
n-N
ðyn; xn 
 x0Þp0;
we have the following property: for every xAX there exists yðxÞATx0 such that
ðyðxÞ; x0 
 xÞp lim inf
n-N
ðyn; xn 
 xÞ:
A mapping T : X-2X
n
is said to be ‘‘generalized pseudomonotone’’ if (a) above is
satisﬁed and for every pair of sequences fxng; fyng such that ynATxn; xn,x0;
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yn,y0AX n and
lim sup
n-N
ðyn; xn 
 x0Þp0;
we have y0ATx0 and ðyn; xnÞ-ðy0; x0Þ:
A pseudomonotone operator is generalized pseudomonotone, and a maximal
monotone operator is also generalized pseudomonotone (see, e.g., [7]).
For basic properties of mappings of monotone type, we refer to [1,5,21,25–27].
For operators in Hilbert spaces, we cite the book of Bre´zis [2]. Recent results
involving maximal monotone operators and their perturbations can be found in
[9,13,16–18].
One of the purposes of this paper is to give a general ‘‘ranges of sums’’ result
(Theorem 2.1) involving a maximal monotone operator A and a densely deﬁned,
ﬁnitely continuous, quasibounded, generalized pseudomonotone operator B: This
result extends the result of Browder [6] which is about everywhere deﬁned,
continuous and bounded operators B:
Another basic result in the paper is Theorem 3.1. In that theorem we
strengthen somewhat the assumptions on the operator A and weaken the
assumptions on the operator B: The operator B can now satisfy quasiboundedness
and pseudomonotonicity conditions relatively to the operator A: The method
for this theorem uses the degree theory developed by Kartsatos and Skrypnik
[19]. An index theory for this degree has been developed by Kartsatos and Skrypnik
[21], and applications of it are given in [20]. Invariance of domain results are given
in [22].
Applications of Theorem 3.1 are given for nonlinear parabolic problems on
cylindrical domains.
The real line is denoted by R1 and the half-line ½0;NÞ by Rþ:
Let F be the set of all continuous and strictly increasing functions
f : Rþ-Rþ with fð0Þ ¼ 0 and limr-NfðrÞ ¼N: Let fAF and deﬁne
Jf : X-2
Xn as follows:
JfðxÞ ¼ fxnAX n; ðxn; xÞ ¼ jjxnjj jjxjj; jjxnjj ¼ fðjjxjjÞg:
By the Hahn–Banach Theorem, JfðxÞa| for any xAX : Since our space and its
dual are locally uniformly convex, the duality mapping Jf is single-valued and
bicontinuous.
The following simple lemma is a direct consequence of the Banach–Steinhaus
theorem and can be found in Browder [6, Lemma 1].
Lemma 1.1. Let X be a Banach space, fxng a sequence in X, and fang a sequence of
positive constants with an-0 as n-N: Fix r > 0 and assume that for every hAXn
with jjhjjpr there exists a constant Ch such that ðh; xnÞpanjjxnjj þ Ch; for all n. Then
the sequence fxng is bounded.
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1. Quasibounded perturbations
The following technical lemma will be needed for our results in this section.
Lemma 2.1. Let X be a Banach space and let A : X-2X
n
be quasibounded. Then there
exists fAF such that
ðv; xÞX
 fðjjxjjÞ
for all xADðAÞ with jjxjj sufficiently large and all vAAðxÞ:
Proof. Since A is quasibounded, for any M > 0; there exists KðMÞ > 0 such that:
xADðAÞ; jjxjjpM; vAAðxÞ; and ðv; xÞpMjjxjj imply jjvjjpKðMÞ and ðv; xÞX

jjvjjjjxjjX
 KðMÞM: On the other hand, if ðv; xÞXMjjxjj; then ðv; xÞX
 KðMÞM:
Thus, for every M > 0 there exists KðMÞ > 0 such that xADðAÞ; jjxjjpM and
vAAðxÞ imply ðv; xÞX
 KðMÞM:
Let
cðrÞ ¼ max
0oMpr
KðMÞM;
for r > 0; and cð0Þ ¼ 0: For xADðAÞ and vAAðxÞ; let M ¼ jjxjj: Then we have
ðv; xÞX
 KðjjxjjÞjjxjjX
 cðjjxjjÞ:
It is easy to see that c is nondecreasing. We may now choose f to be any function
which is continuous, strictly increasing and such that fð0Þ ¼ 0; limr-N fðrÞ ¼N
and fðrÞXcðrÞ for all large r: &
We denote by G the set of all functions b : Rþ-Rþ such that bðrÞ-0 as r-N:
The following theorem is the main result of this section.
Theorem 2.1. Let X be a reflexive Banach space, A : X-2X
n
maximal monotone, and
B : X-2X
n
quasibounded, finitely continuous and generalized pseudomonotone. Let
X 0CDðBÞ; where X 0 is a dense subspace of X with X 0-DðAÞa|: Let S be a subset of
Xn such that for every sAS; there exist xsAX and b ¼ bsAG such that
ð*Þ ðu þ v 
 s; x 
 xsÞX
 bðjjxjjÞjjxjj
for all xADðAÞ-DðBÞ with jjxjj sufficiently large, and all uAAx; vABx: Then
SCRðA þ BÞ and int SCint RðA þ BÞ:
This theorem improves a resent result of Guan and Kartsatos [11, Theorem 2.1] in
the sense that B is now only densely deﬁned. Furthermore, we have removed one
more condition from that theorem.
As in [11], the main difﬁculty in proving the above result lies in the fact that the
operator A is not necessarily everywhere, or even densely, deﬁned. The standard way
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to overcome this difﬁculty is to use Yosida approximants of A; Al: Here, Al ¼
ðA
1 þ lJ
1Þ
1; for l > 0; where J ¼ Jf; for fðxÞ  x; is the normalized duality
mapping. If X is a reﬂexive Banach space and A : X-2X
n
is maximal monotone,
then Al is a bounded maximal monotone operator with domain DðAlÞ ¼ X : For
more information about the operator Al; see [7,23].
The proof of above theorem is accomplished in the following three steps: (a) for
any sAS; we establish that sARðAl þ B þ 1nJfÞ for all lARþ; nAZþ and some fAF:
(b) Letting l-0; we obtain sARðA þ B þ 1
n
JfÞ: The fact that SCRðA þ BÞ follows
easily from this. (c) Assuming that sAint S; we can further obtain sARðA þ BÞ by
letting n-N: In our proof, we make frequent use of results from the fundamental
paper of Browder and Hess [7].
Proof of Theorem 2.1. We may assume 0ADðAÞ and 0AAð0Þ: If this is not true, we
let x0ADðAÞ-X 0: We then consider instead the operators A˜ðxÞ  Aðx þ x0Þ 
 u0;
B˜ðxÞ  Bðx þ x0Þ þ u0 and the sum A˜ þ B˜; where u0 is a ﬁxed point in Aðx0Þ: It is not
hard to see A˜ and B˜ satisfy all the assumption of the theorem and RðA þ BÞ ¼
RðA˜ þ B˜Þ:
Since B is quasibounded, by Lemma 2.1, there exists fAF such that ðv; xÞX

fðjjxjjÞ for all xADðBÞ with jjxjj sufﬁciently large and vABðxÞ: Let us consider the
operator Al þ B þ 1nJf: We aim to show that RðAl þ B þ 1nJfÞ ¼ Xn; for any lARþ
and nAZþ:
By Proposition 12 of Browder and Hess [7], Al is a bounded maximal monotone
mapping with effective domain DðAlÞ ¼ X and 0 ¼ Alð0Þ: Also, Al þ 1nJf is maximal
monotone, hence generalized pseudomonotone, with ðv; xÞX0 for any xAX and
vAðAl þ 1nJfÞðxÞ: The operator B is quasibounded and generalized pseudomonotone.
By Theorem 1 of Browder and Hess [7], T ¼ Al þ B þ 1nJf is generalized
pseudomonotone with DðTÞ ¼ DðBÞ: It is easy to see T is ﬁnitely continuous. Also,
T is coercive, i.e. there exists a function c : Rþ-R1; with limr-N cðrÞ ¼N; such
that
ðv; xÞXcðjjxjjÞjjxjj
for xADðTÞ and vATx: This follows mainly from our choice of the function f since
ðv; xÞ ¼ vA þ vB þ 1
n
vJ ; x
 
X 
 fðjjxjjÞ þ 1
n
fðjjxjjÞjjxjj
¼ 1
n

 1jjxjj
 
fðjjxjjÞjjxjj:
Here, xa0ADðTÞ; vATx; vAAAlx; vBABx; vJAJfx and v ¼ vA þ vB þ 1nvJ : We
have also used the fact that ðvA; xÞX0 since Al is monotone and 0AAlð0Þ: To see
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that T is quasibounded, we observe that for any M > 0; xADðTÞ; vATx; v ¼
vA þ vB þ 1nvJ ; vAAAlx; vBABx and vJAJfx with ðv; xÞpMjjxjj and jjxjjpM we
have
ðvB; xÞpMjjxjj 
 ðvA; xÞ 
 1
n
vJ ; x
 
pMjjxjj:
Since B is quasibounded, jjvBjjpK1 for some K1 > 0: Since Al and Jf are bounded,
we have jjvjjpKðMÞ; for some KðMÞ > 0: Hence, T is quasibounded. By Theorem 5
of Browder and Hess [7], RðTÞ ¼ RðAl þ B þ 1nJfÞ ¼ X n:
Fix sAS: By what we shown above, there exists xl such that
Alxl þ Bxl þ 1
n
Jfxl U s
or
ul þ vl þ 1nwl ¼ s;
for some ulAAlxl; vlABxl and wlAJfxl:
We claim that there exists l0 > 0 such that fxlg is bounded for lAð0; l0Þ: In fact,
0 ¼ ul þ vl þ 1
n
wl 
 s; xl
 
X ðvl; xlÞ þ 1
n
ðwl; xlÞ 
 ðs;xlÞ
X 
 fðjjxljjÞ þ 1
n
fðjjxljjÞjjxljj 
 jjsjjjjxljj:
Since fðrÞ-N as r-N; we have the boundedness of fxlg: Furthermore, since
ðvl; xlÞ ¼ 
ðul; xlÞ 
 1
n
wl; xl
 
þ ðs; xlÞpjjsjj jjxljj;
by the quasiboundedness of B; we have the boundedness of fvlg: Consequently, fulg
is bounded as well. By Proposition 13 of Browder and Hess [7], we have sARðA þ
B þ 1
n
JfÞ:
Let xn be a solution of Ax þ Bx þ ð1=nÞJfx U s for each nAZþ: We have
ð1=nÞwn ¼ 
un 
 vn þ s
for some wnAJfxn; unAAxn; vnABxn: Assuming that jjxnjj is sufﬁciently large, we
obtain
1
n
wn; xn 
 xs
 
¼ 
ðun þ vn 
 s; xn 
 xsÞpbðjjxnjjÞjjxnjj;
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which implies
1
n
fðjjxnjjÞjjxnjj 
 1
n
jjxsjjfðjjxnjjÞpbðjjxnjjÞjjxnjj;
1
n
wn



 ¼ 1nfðjjxnjjÞpbðjjxnjjÞ
jjxnjj
jjxnjj 
 jjxsjj:
This says that ð1=nÞwn-0: Note that if jjxnjj is bounded,we certainly have
ð1=nÞwn-0: It follows that sARðA þ BÞ:
Now, we are going to show that int SCint RðA þ BÞ: To this end, ﬁx sAint S: Then
there exists r > 0 such that for any hABrð0Þ we have s þ hAS: Let xn denote a
solution of Ax þ Bx þ ð1=nÞJx U s: We want to show that the sequence fxng is
bounded. Assume that this is not true. Then we may also assume, without loss of
generality, that jjxnjj-N as n-N: We have
un þ vn þ 1
n
wn 
 ðs þ hÞ ¼ 
h; for some unAAxn; vnABxn and wnAJfxn
and
ðh; xn 
 xsþhÞ ¼ 
ðun þ vn 
 ðs þ hÞ; xn 
 xsþhÞ 
 1
n
ðwn; xn 
 xsþhÞ:
Hence
ðh; xnÞ ¼ ðh; xsþhÞ 
 ðun þ vn 
 ðs þ hÞ; xn 
 xsþhÞ 
 1
n
ðwn; xn 
 xsþhÞ
p ðh; xsþhÞ þ bðjjxnjjÞjjxnjj 
 1
n
fðjjxnjjÞðjjxnjj 
 jjxsþhjjÞ
p ðh; xsþhÞ þ bðjjxnjjÞjjxnjj
for all large n; since jjxnjj-N as n-N: By Lemma 1.1, this is a contradiction to the
unboundedness of fxng: Thus, fxng is bounded.
Since X is reﬂexive, we may assume that xn,x0AX : Since A is maximal
monotone, it is generalized pseudomonotone. Also, ðu; xÞX0; for xADðAÞ and
uAAx: The operator B is quasibounded and generalized pseudomonotone. By
Theorem 1 of Browder and Hess [7], A þ B is generalized pseudomonotone. For
unAAxn; vnABxn and wnAJfxn;
un þ vn ¼ 
1
n
wn þ s-s
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and
ðun þ vn; xn 
 x0Þ ¼ 1
n
wn 
 s; xn 
 x0
 
-0
as n-N: Hence, sAðA þ BÞx0; which says that int SCRðA þ BÞ: We conclude that
int SCint RðA þ BÞ: &
Letting S ¼ X n in Theorem 2.1, we have the following
Theorem 2.2. Let X be a reflexive Banach space, A :X-2X
n
maximal monotone and
B : X-2X
n
quasibounded, finitely continuous and generalized pseudomonotone. Let
X 0CDðBÞ; where X 0 is a dense subspace of X with X 0-DðAÞa|: Assume that for
every sAXn there exist xsAX and b ¼ bsAG such that
ð*Þ ðu þ v 
 s; x 
 xsÞX
 bðjjxjjÞjjxjj;
for all xADðAÞ-DðBÞ with jjxjj sufficiently large, and all uAAx; vABx: Then
RðA þ BÞ ¼ X n:
Theorems 2.1 and 2.2 are direct improvements and extensions of results in [11].
Theorem 2.2 also extends and improves a classical result of Browder [6] on
pseudomonotone perturbations of maximal monotone operators. Browder’s result
assumes B to be everywhere deﬁned, bounded and pseudomonotone. We only need B
to be densely deﬁned, quasibounded and generalized pseudomonotone. As indicated
in [10,11], the coercivity condition which we have assumed herein is also weaker than
the one in Browder’s result. Furthermore, in our results the coercivity assumption
was imposed on A þ B instead of B; unlike Browder’s result or the results of Guan
and Kartsatos [11]. This seems to be a more general and natural assumption. To
further illustrate this point, we give the following two corollaries.
We call A : X-2X
n
‘‘coercive’’, if there exists c : Rþ-R1 with limr-N cðrÞ ¼N
such that
ðu; xÞXcðjjxjjÞjjxjj
for all xADðAÞ and uAAðxÞ with jjxjj large.
Corollary 2.1. Let X be a reflexive Banach space, A :X-2X
n
maximal monotone and
coercive, B :X-2X
n
quasibounded, finitely continuous and generalized pseudomono-
tone. Let X 0CDðBÞ; where X 0 is a dense subspace of X with X 0-DðAÞa|: Assume
that there exists M > 0 such that jjvjjpM for all vABðxÞ with xADðAÞ-DðBÞ: Then
RðA þ BÞ ¼ X n:
Proof. Under our assumptions, ð*Þ of Theorem 2.2 is true and the corollary follows
from Theorem 2.2. &
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Corollary 2.2. Let X be a reflexive Banach space, A : X-2X
n
maximal monotone, and
B : X-2X
n
quasibounded, finitely continuous and generalized pseudomonotone. Let
X 0CDðBÞ; where X 0 is a dense subspace of X with X 0-DðAÞa|: Then A þ B is
maximal monotone if and only if A þ B is monotone.
Proof. To prove this result, we only need to show that if A þ B is monotone then
J þ A þ B is surjective, where J is the normalized duality mapping. This would then
imply that lJ þ A þ B is surjective for any l > 0; and hence that A þ B is maximal
monotone.
Since J is maximal monotone with DðJÞ ¼ X ; we have that J þ A is also maximal
monotone. By Theorem 2.2, we only need to show that for every sAX n there exist
xsAX and b ¼ bsAG such that
ð*Þ ðw þ u þ v 
 s; x 
 xsÞX
 bðjjxjjÞjjxjj
for all xADðAÞ-DðBÞ with jjxjj sufﬁciently large and all uAAx; vABx;wAJx: It is
easy to see that for any sAXn; x0ADðA þ BÞ the monotonicity of A þ B implies
ðw þ u þ v 
 s; x 
 x0Þ
Xðu0 þ v0; x 
 x0Þ þ ðw; xÞ 
 ðw; x0Þ 
 ðs; xÞ þ ðs; x0Þ
Xjjxjj2 
 ðjju0 þ v0jj þ jjx0jj þ jjsjjÞjjxjj 
 jjx0jj jjsjj
-N
as jjxjj-N: Here, wAJx; uAAx; vABx; u0AAx0 and v0ABx0: &
Under the additional assumptions that 0ADðAÞ and ðv; xÞX
 kjjxjj; for some
positive constant k and all xADðBÞ and vABx; the result of Corollary 2.2 also
follows from Theorem 8 in [7].
If we let A ¼ 0 in Theorem 2.2 then we have the following result, which is an
improvement of Theorem 5 of Browder and Hess [7]. Here, we have made a weaker
coercivity assumption.
Theorem 2.3. Let X be a reflexive Banach space, B : X-2X
n
quasibounded, finitely
continuous and generalized pseudomonotone. Let X 0CDðBÞ; where X 0 is a dense
subspace of X. Assume that for every sAX n there exist xsAX and b ¼ bsAG such that
ð*Þ ðv 
 s; x 
 xsÞX
 bðjjxjjÞjjxjj
for all xADðBÞ with jjxjj sufficiently large and all vABx: Then RðBÞ ¼ Xn:
As illustrated in [10,11], results on ranges of sums could also follow easily from
results like Theorem 2.1. Letting S ¼ RðAÞ þ RðBÞ; we have the following
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Theorem 2.4. Let X be a reflexive Banach space, A : X-2X
n
maximal monotone, and
B : X-2X
n
be quasibounded, finitely continuous and generalized pseudomonotone. Let
X 0CDðBÞ; where X 0 is a dense subspace of X with X 0-DðAÞa|: Assume that for
every ðx1; x2ÞADðAÞ  DðBÞ there exist bAG such that
ð* *Þ ðu 
 u1; x 
 x1Þ þ ðv 
 v2; x 
 x1ÞX
 bðjjxjjÞjjxjj
for all xADðAÞ-DðBÞ with jjxjj sufficiently large and all uAAx; vABx; u1AAx1 and
v2ABx2: Then RðA þ BÞ ¼ RðAÞ þ RðBÞ and int RðA þ BÞ ¼ intðRðAÞ þ RðBÞÞ:
Proof. Given sARðAÞ þ RðBÞ; there exist x1ADðAÞ and x2ADðBÞ such that s ¼
u1 þ v2 for some u1AAðx1Þ and v2ABðx2Þ: As in Theorem 2.1, letting xs ¼ x1 we
obtain from ð* *Þ that ð*Þ of Theorem 2.1 is true. This completes the proof. &
Theorem 2.4 is an improvement and an extension of Theorem 2 of Browder [6]
and Theorem 2.3 of Guan and Kartsatos [11]. Letting S ¼ RðAÞ; we have the
following
Theorem 2.5. Let X be a reflexive Banach space, A : X-2X
n
maximal monotone, and
B : X-2X
n
quasibounded, finitely continuous and generalized pseudomonotone. Let
X 0CDðBÞ; where X 0 is a dense subspace of X with X 0-DðAÞa|: Assume that for
every x0ADðAÞ and u0AAðx0Þ there exists b ¼ bx0AG such that
ð* * *Þ ðu 
 u0; x 
 x0Þ þ ðv; x 
 x0ÞX
 bðjjxjjÞjjxjj
for all xADðAÞ-DðBÞ with jjxjj sufficiently large and all uAAx; vABx: Then
RðAÞCRðAÞ þ RðBÞ and int RðAÞCintðRðAÞ þ RðBÞÞ:
Proof. For every sARðAÞ there exists x0ADðAÞ such that s ¼ u0 for some u0AAðx0Þ:
As in Theorem 2.1, letting xs ¼ x0 we obtain from ð* * *Þ that ð*Þ of Theorem 2.1 is
true. This ﬁnishes the proof. &
As a simple corollary of Theorem 2.4 we have the following Corollary 2.4.
To prove the corollary, we need to point out that, in all the results above, the
function b : Rþ-Rþ with bðrÞ-0 as r-0 could be replaced by a function
b : X-Rþ with bðxÞ-0 as jjxjj-0: The proofs go over without any substantial
changes.
Corollary 2.3. Let X be a reflexive Banach space, A : X-2X
n
maximal monotone, and
B : X-2X
n
quasibounded, finitely continuous and generalized pseudomonotone. Let
X 0CDðBÞ; where X 0 is a dense subspace of X with X 0-DðAÞa|: Assume, further,
that bðxÞ ¼ maxfjjvjj: vABxg-0 as jjxjj-N with xADðBÞ-DðAÞ: Then
RðAÞCRðAÞ þ RðBÞ and int RðAÞCintðRðAÞ þ RðBÞÞ:
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Proof. For every x0ADðAÞ; u0AAðx0Þ; xADðAÞ-DðBÞ; uAAðxÞ and vABðxÞ; the
monotonicity of A implies that ðu 
 u0; x 
 x0ÞX0 and
ðv; x 
 x0ÞX
 bðxÞjjx 
 x0jj:
The result follows from Theorem 2.5 and the remark above. &
If we further assume in Corollary 2.3 that RðAÞ ¼ Xn; then we have RðA þ BÞ ¼
Xn: This can be guaranteed by the assumption of local boundedness of the operator
A
1; i.e. for every yAXn there exists r > 0 such that the set fxAX jBðy; rÞ-AðxÞa|g
is bounded.
Theorems 2.4 and 2.5 extend and improve Theorems 2.3 and 2.4, respectively,
of Guan and Kartsatos [11], as well as other earlier results like Theorem 2 of
Browder [6].
For more information on the topic of ranges of sums, the reader is referred to
[3,4,6,8,10–12,14,15,25].
2. Operators B quasibounded with respect to A
In this section, we establish some extensions of the results of Section 2 by assuming
somewhat stronger assumptions on the operator A and weaker assumptions on the
operator B about quasiboundedness and pseudomonotonicity. Such conditions arise
in a variety of nonlinear partial differential problems under natural assumptions on
the coefﬁcients. Applications will be given in the next section.
We recall that since X ;Xn are locally uniformly convex, the duality mapping Jf
from Section 1 is single-valued and bicontinuous.
We assume that A : X*DðAÞ-Xn is a monotone ﬁnitely continuous operator
satisfying following conditions:
ðA1Þ there exists a linear subspace X 0 of X such that X 0CDðAÞ;X 0 ¼ X ;
ðA2Þ for every ðx0; h0ÞAX  Xn with
ðAx0 
 h0; x0 
 x0ÞX0 for every x0AX 0;
we have x0ADðAÞ;Ax0 ¼ h0;
ðA3Þ for every x0ADðAÞ we have
inffðAx0 
 Ax0; x0 
 x0Þ : x0AX 0g ¼ 0:
Note that conditions A2;A3 are satisﬁed for a maximal monotone operator A with
DðAÞ ¼ X 0:
We assume that the second operator B : X*DðBÞ-X n is ‘‘quasibounded with
respect to A’’, i.e. for each number M > 0 there exists KðMÞ > 0 such that for
xADðAÞ-DðBÞ with jjxjjpM and ðAx þ Bx; xÞpM we have jjBxjjpKðMÞ:
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A mapping B : X-X n is said to be ‘‘generalized pseudomonotone with respect to
A’’ if for every sequence fxjgCDðBÞ-DðAÞ such that ðAxj; xjÞpK ;
xj,x0; Bxj,y0; lim sup
j-N
ðBxj; xj 
 x0Þp0; ð3:1Þ
for some x0AX ; y0AXn;KAR1; we have x0ADðBÞ;Bx0 ¼ y0 and ðBxj; xjÞ-ðy0; x0Þ:
We say that an operator B : X-Xn satisﬁes the ‘‘generalized ðSþÞ-condition with
respect to A’’ if for every sequence fxjgCDðAÞ-DðBÞ satisfying (3.1) and ðAxj þ
Bxj; xjÞp0 we have xj-x0; x0ADðBÞ and Bx0 ¼ y0:
Theorem 3.1. Let X be a reflexive Banach space Let A : DðAÞCX-Xn be monotone,
finitely-continuous and such that conditions ðA1Þ–ðA3Þ are satisfied. Let
B : X*DðBÞ-Xn be quasibounded with respect to A, finitely-continuous, and
generalized pseudomonotone with respect to A with X 0CDðBÞ: Let S be a subset of
Xn such that for every sAS there exists xsAX and b ¼ bsAG such that
ðAx þ Bx 
 s; x 
 xsÞX
 bðjjxjjÞjjxjj ð3:2Þ
for all xADðAÞ-DðBÞ with jjxjj sufficiently large. Then SCRðA þ BÞ and
int SCint RðA þ BÞ:
Proof. Fix sAS and deﬁne the operator Bn :DðBÞ-Xn by Bnx ¼ Bx þ 1nJx 
 s;
where nAZþ and J is the normalized duality mapping of X :
We consider the equation
Ax þ Bnx ¼ 0: ð3:3Þ
We will establish the solvability of this equation by using the degree theory approach
from Kartsatos and Skrypnik [19]. To this end, we must verify that
DegðA þ Bn;DR; 0Þ ¼ 1 ð3:4Þ
holds for all sufﬁciently large R; where DR ¼ fxAX : jjxjjoRg; and the symbol Deg
denotes the degree function from Deﬁnition 3.1 in [19].
From the assumed conditions in Theorem 3.1 we see that the operator A satisﬁes
conditions ðm1Þ 
 ðm4Þ of Section 3 in [19], and the operator Bn satisﬁes conditions
ða1Þ 
 ða3Þ of the same section. Thus, it is only necessary to verify that the operator
Bn satisﬁes the generalized ðSþÞ-condition with respect to A: Let fxjg be a sequence
with fxjgCDðAÞ-DðBÞ; xj,x0;Bnxj,y0AXn and
lim sup
j-N
ðBnxj; xj 
 x0Þp0; ðAxj þ Bnxj; xjÞp0: ð3:5Þ
We may assume that Bxj,z0AX n and observe that from the ﬁrst inequality in (3.5)
and the monotonicity of the duality mapping we have
lim sup
j-N
ðBxj ; xj 
 x0Þp0:
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Using the generalized pseudomonotonicity of the operator B with respect to A we
obtain x0ADðBÞ;Bx0 ¼ z0 and ðBxj; xjÞ-ðz0; x0Þ: Now, the ﬁrst inequality in (3.5)
implies
lim sup
j-N
ðJxj; xj 
 x0Þp0:
From the uniform convexity of X and Xn we know that the duality mapping J
satisﬁes the condition ðSþÞ: We can therefore conclude from the last inequality that
xj-x0 and Jxj-Jx0: Thus, y0 ¼ z0 þ 1nJx0 
 s ¼ Bnx0 and the generalized ðSþÞ-
condition for the operator Bn with respect to A has been established.
For R large enough, the inequality
Ax þ Bnxa0; xA@DR-DðA þ BÞ ð3:6Þ
follows from (3.2) and the deﬁnition of the operator J since we have
ðAx þ Bnx; x 
 xsÞX
 bðjjxjjÞjjxjj þ 1
n
jjxjj2 
 jjsjj jjxjj; ð3:7Þ
with the right-hand side positive for jjxjj ¼ R and R sufﬁciently large.
From (3.6) and Deﬁnition 3.1 in [19], it follows that the left-hand side of (3.4) is
well deﬁned. As in the case of (3.6) and (3.7), we have
tðAx þ BnxÞ þ ð1
 tÞJxa0; xA@DR-DðA þ BÞ ð3:8Þ
for all large R: The homotopy function Hðt; xÞ  tðAx þ BnxÞ þ ð1
 tÞJx is
admissible for the degree theory developed in [19]. However, we would like to
add here that this admissibility is to be understood with S replaced by 0 in
the ﬁrst inequality in 3.6 and 4.11 of [19]. A careful study of the development
in [19] shows that S ¼ 0 in the above places sufﬁces for the deﬁnition and the
properties of the degree mapping. By the invariance property of the degree, we
obtain from (3.8)
DegðA þ Bn;DR; 0Þ ¼ DegðJ;DR; 0Þ:
Using Theorem 4.4 of [26], we have DegðJ;DR; 0Þ ¼ 1: Consequently, (3.4) is
true. From (3.4) and Theorem 4.4 of [19] we obtain the existence of a
solution of Eq. (3.3) for arbitrary nAZþ: Denote by fxng a sequence of solutions
of (3.3), i.e.
Axn þ Bxn þ 1
n
Jxn ¼ s; nAZþ: ð3:9Þ
As in the proof of the Theorem 2.1 we obtain the convergence 1
n
Jxn-0 as n-N;
and this proves that SCRðA þ BÞ:
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We are now going to show that int SCint RðA þ BÞ: Fix sAint S and let xn solve
(3.9). Repeating the proof of the corresponding part of the Theorem 2.1, we see that
the sequence fxng is bounded. Then the sequence fAxn þ Bxng converges strongly to
s; and from the quasiboundedness of the operator B with respect to A we obtain that
the sequence fBxng is bounded. We may assume that xn,x0; Bxn,y0; Axn,z0 for
some x0AX ; y0; z0AX n; y0 þ z0 ¼ s:
We are going to show the inequality
lim sup
n-N
ðBxn; xn 
 x0Þp0: ð3:10Þ
Assume the contrary and let fxng; or a suitable subsequence of it denoted again by
fxng; be chosen so that
lim
n-N
ðBxn; xn 
 x0Þ > 0:
Then (3.9) implies easily
lim
n-N
ðAxn; xn 
 x0Þo0: ð3:11Þ
Since Axn,z0; we have
lim sup
n-N
ðAxn; xnÞpðz0; x0Þ: ð3:12Þ
Letting x˜AX 0; we get
ðAxn 
 Ax˜; xn 
 x˜ÞX0;
which implies
ðAxn; xnÞXðAxn; x˜Þ þ ðAx˜;xn 
 x˜Þ
and
lim inf
n-N
ðAxn; xnÞX lim inf
n-N
ðAxn; x˜Þ þ ðAx˜; x0 
 x˜Þ
¼ ðz0; x˜Þ þ ðAx˜; x0 
 x˜Þ:
Combining this with (3.12), we obtain
ðz0 
 Ax˜; x0 
 x˜ÞX0:
Since A satisﬁes ðA2Þ; this says that x0ADðAÞ: However, since A is monotone,
ðAxn; xn 
 x0ÞXðAx0; xn 
 x0Þ;
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which implies
lim sup
n-N
ðAxn; xn 
 x0ÞX0;
i.e. a contradiction to (3.11). Thus, (3.10) is true.
Using the generalized pseudomonotonicity of the operator B with respect to A; we
have
x0ADðBÞ; Bx0 ¼ y0; and ðBxn; xnÞ-ðy0; x0Þ: ð3:13Þ
For an arbitrary x0AX 0; the monotonicity of the operator A implies
ðAx0 
 Axn; x0 
 xnÞX0: ð3:14Þ
Letting Axn ¼ s 
 Bxn 
 1nJxn in (3.14), passing to the limit as n-N and using
(3.13), we arrive at the inequality
ðAx0 
 s þ y0; x0 
 x0ÞX0:
By condition ðA2Þ; it follows that x0ADðAÞ and Ax0 ¼ s 
 y0: Using (3.13), we
obtain Ax0 þ Bx0 ¼ s; and the proof of the theorem is complete. &
Theorem 3.2. Let X be a reflexive Banach space. Let A :X*DðAÞ-X n be a
monotone, finitely-continuous operator satisfying conditions ðA1Þ–ðA3Þ: Let
B : X*DðBÞ-Xn be quasibounded with respect to A, finitely-continuous and
generalized pseudomonotone with respect to A with X 0CDðBÞ: Assume that for every
sAX n there exists xsAX and b ¼ bsAG such that
ðAx þ Bx 
 s; x 
 xsÞX
 bðjjxjjÞjjxjj
for all xADðAÞ-DðBÞ with jjxjj sufficiently large. Then RðA þ BÞ ¼ X n:
The assertion of Theorem 3.2 follows immediately from Theorem 3.1.
3. Applications to nonlinear parabolic problems
Let O be a bounded open set in Rn: We consider, on the cylindrical domain
Q ¼ O ð0;TÞ; the parabolic problem
@u
@t


Xn
i¼1
@
@xi
ai x; t; u;
@u
@x
 
þ rðx; t; uÞ ¼
Xn
i¼1
@fiðx; tÞ
@xi
; ðx; tÞAQ; ð4:1Þ
uðx; tÞ ¼ 0; ðx; tÞA@O ð0;TÞ; ð4:2Þ
uðx; 0Þ ¼ 0; xAO: ð4:3Þ
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We assume the following conditions:
ða1Þ the real-valued functions aiðx; t; u; xÞ; i ¼ 1;y; n are deﬁned on Q  R1  Rn
and are continuous in u; x and measurable in x; t;
ða2Þ there exists a positive constant n1 such that for every ðx; tÞAQ; uAR1; x; ZARn
the following inequalities hold
Xn
i¼1
½aiðx; t; u; xÞ 
 aiðx; t; u; ZÞðxi 
 ZiÞ > 0 for xaZ; ð4:4Þ
jaiðx; t; u; xÞjpn1ðjujm0 þ jxjm
1Þ þ g1ðx; tÞ; ð4:5Þ
where 1omon; 0pm0oðm 
 1Þ  nþ2n ; g1ALm0 ðQÞ; and m0 ¼ mm
1;
ða3Þ for every x; t; u; x; Z we assume that
Xn
i¼1
aiðx; t; u; xÞxiXn2jxjm 
 g2ðx; tÞjuja 
 g3ðx; tÞ; ð4:6Þ
with positive constant n2; aAð0;mÞ; g2AL m
m
a
ðQÞ and g3AL1ðQÞ;
ðr1Þ the real-valued function rðx; t; uÞ is deﬁned on Q  R1 and is continuous in u
and measurable in x; t;
ðr2Þ the function rðx; t; uÞ is nondecreasing with respect to u and there exists a
positive number m such that
jrðx; t; uÞjpmjuj
mðnþ2Þ
n

1 þ hðx; tÞ; ð4:7Þ
Z T
0
Z
O
jhðx; tÞjm0* dx
 m0
m0
* dtoN; ð4:8Þ
with m0
*
¼ m *
m
*

1;m* ¼ hmh
m:
Set X ¼ Lmð0;T ; W˚1mðQÞÞ and deﬁne the operators A : X*DðAÞ-X n;
B : X*DðBÞ-Xn as follows:
ðAu;jÞ ¼ @u
@t
;j
 
þ
Z Z
Q
rðx; t; uðx; tÞÞjðx; tÞ dx dt; ð4:9Þ
ðBu;jÞ ¼
Xn
i¼1
Z Z
Q
ai x; t; u;
@u
@xi
 
@jðx; tÞ
@xi
dx dt; ð4:10Þ
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where jAX : Their domains are given by
DðAÞ ¼ uAX : @u
@t
AX n; uðx; 0Þ ¼ 0
	 

ð4:11Þ
and
DðBÞ ¼ fuAX : uðx; tÞAL %mðQÞg; %m ¼ m0m
m 
 1; ð4:12Þ
respectively, where m0 is the number from inequality (4.5).
From [19], we have that the operators A;B are well deﬁned by (4.9) and (4.10) on
DðAÞ;DðBÞ; respectively, and that the inclusion DðAÞCDðBÞ holds.
Theorem 4.1. Assume that conditions ða1Þ 
 ða3Þ and ðr1Þ; ðr2Þ are satisfied. Then
(1) the operator A defined by (4.9) is monotone, continuous and satisfies conditions
ðA1Þ–ðA3Þ of Section 3 with DðAÞ ¼ X 0;
(2) the operator B, defined by (4.10), is quasibounded with respect to A; continuous
and satisfies the generalized ðSþÞ condition with respect to A;
(3) the initial-boundary value problem (4.1)–(4.3) has a solution in Lmð0;T ; W˚1mðOÞÞ
for arbitrary functions fiAL m
m
1
ðQÞ; i ¼ 1;y; n:
Proof. The ﬁrst assertion of the Theorem follows from Theorem 6.1 in [19] where the
maximal monotonicity of the operator A is established.
The quasiboundedness of the operator B with respect to A follows from the proof
of Theorem 6.2 in [19]. We verify that the operator B satisﬁes the generalized ðSþÞ
condition with respect to the operator A: Let fujgCDðAÞ be such that
uj,u0;Auj,h0;
lim sup
j-N
ðAuj ; uj 
 u0Þp0 ðAuj þ Buj; ujÞp0:
As in the proof of Theorem 6.2 in [19] we obtain
lim
j-N
Xn
i¼1
Z Z
Q
ai x; t; uj;
@uj
@x
 

 ai x; t; uj; @u0
@x
  
@ðuj 
 u0Þ
@xi
dx dt ¼ 0: ð4:13Þ
Using conditions ða2Þ; ða3Þ; (4.13) and a repetition of the proof of Theorem 2.1 in
Chapter 2 of [26], we obtain the following:
(a) the sequence f@ujðx;tÞ@xi g converges to
@u0ðx;tÞ
@xi
in measure for i ¼ 1;y; n;
(b) we have
lim
meas E-0
-lim
Z Z
E
@ujðxÞ
@x


m
dx ¼ 0; ECQ;
uniformly with respect to j:
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It follows that fujg converges strongly to u0 in X : The equality Au0 ¼ h0 follows
immediately from this and the strong convergence of fujg in LpðQÞ; p ¼ m þ 2mn : This
completes the proof of the second assertion of the theorem.
For fiAL m
m
1
ðQÞ; we introduce the functional f0A½Lmð0;T ; W˚1mðOÞÞn by
ðf0;jÞ ¼ 

Xn
i¼1
Z
Q
Z
fiðx; tÞ@jðx; tÞ
@xi
dx dt:
The solvability of problem (4.1)–(4.3) is equivalent to the solvability of the operator
equation
Au þ Bu ¼ f0: ð4:14Þ
Using (4.6), the condition r2 and Ho¨lder’s inequality we have, for arbitrary fAX
n;
the estimate
ðAu þ Bu 
 f ; uÞXn1jjujjm 
 C1jjujj 
 C2jjujja 
 C3; ð4:15Þ
where jj  jj is the norm in the space X and C1 
 C3 are positive constants
independent of u: From (4.15) we obtain that condition (3.12) in Theorem 3.2 is
satisﬁed for our operators A;B; and the third assertion of the theorem follows from
Theorem 3.2. This completes the proof of Theorem 4.1. &
Remark 4.1. Under the assumptions of Theorem 4.1, the operator B; deﬁned by
(4.10), is quasibounded with respect to the operator A; but not generally
quasibounded on its own right.
Theorem 4.2. Assume that conditions ða1Þ; ða2Þ; ðr1Þ and ðr2Þ are satisfied along with
ða03Þ for uAR1; x; Z; zARn;
Xn
i¼1
½aiðx; t; u; xÞ 
 Ziðxi 
 ziÞ-þN for jxj-N ð4:16Þ
and that (4.16) holds uniformly with respect to x; tAQ; uAG; where G is any bounded
subset of R1:
Then the operator B, defined by formula (4.8), is generalized pseudomonotone with
respect to the operator A.
The proof of Theorem 4.2 is analogous to the proof of the corresponding assertion
in the elliptic case. See [26, Sections 1 and 2].
Remark 4.2. Using Theorems 3.2 and 4.2, we obtain the solvability of problem (4.1)–
(4.3) provided that for every fAXn there exists ufAX such that
ðAu þ Bu 
 f ; u 
 uf ÞX
 bðjjujjÞjjujj
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for uADðAÞ; bAG: It is actually possible to formulate some algebraic conditions that
guarantee the validity of this last inequality. This will be the subject of future
investigations by the authors.
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